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ABSTRACT 
Using the Fourier transform, we give an easy and conceptual proof of a theorem 
of Brualdi and Newman which states that there are no symmetric circukurt Hadamard 
matrices of order greater than 4. 
In this paper, matrices are either v X v or 1 X v of complex numbers, and 
their rows and columns are indexed by residues module v (0, 1,2,. . . , v - 1). 
A circulant matrix is a square matrix in which each row is obtained from the 
preceding one by cyclically shifting one position to the right. Since such a 
matrixiscompletelydeterminedbyitstoprowa=[a,,a,,a,,...,a”_,],we 
shall denote it by M(a). Thus 
a0 a1 a2 f*. a,_, 
a o-l a0 a, *** ao-2 
M(a) = a0-2 a,-, a0 ... a0-3 
. . . . . . . . * . . . . . . . . . . . . . . 
a1 a2 a3 ... a, 
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It can be easily verified that the product of two circulant matrices M(a) 
and M(b) is again circulant; hence M(a)M(b) = M(c) for some c = 
] co,c1,c~,..*~c~-l 1. The sequence c, denoted by a * b, is called the conuolu- 
+;fin ,F e onll h Cn~nifi~allv P = Y .IL h Thus 
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Hadamard sequence, then by using the previous argument three times it 
follows that a”” “” is a symmetric Hadamard sequence as well. However, 
a ” ” ” ” = a by Equation (4). n 
Now we are ready to give a proof of the main theorem. The proof goes 
almost like that of [3, Proposition 3.7, p. 2721. 
THEOREM 3. Let a = [a,,a,,a, ,..., a,_,], v > 1, and let M(a) be the 
corresponding circulant matrix. Zf M(a) is a symmetric Hadamard matrix, 
then v = 4. 
Proof. We first claim that 
a, = ad whenever (t,v)=d, 
where (t, v) is the greatest common divisor of t and v. By the remark 
following Definition 1, a is a symmetric Hadamard sequence of order v, so, 
by Lemma 2, a” is also a symmetric Hadamard sequence of order v. Hence 
P(a, 1)2 = P(a, w)~ = P(a, w2)2 = . . . = P(a, LO’- 1)2 = v, by taking the defini- 
tion of a” into account; and hence u = b2 where b = P(a, 1) is a (rational) 
integer. As a result, &a, w”) = f b is an integer for t = 0,1,2,. . . , v - 1. 
Therefore, if for each d I 0 we define 
gd(X) = a, + a,X + u2X2 + . . . + a,_ 1X”-1 - P(a, ad), 
then gd(X) is a polynomial with integer coefficients. Moreover, if Qa,(x) 
denotes the t th cyclotomic polynomial, then @,,,(X) I gn( X), as gd( o”) = 0 
and Q”,JX) is the minimal polynomial of ad over the field of rational 
numbers. But @“/d(X) I gd(X) means gd(@‘) = 0 whenever (t, v) = d, i.e., 
P(a, u’) = P(a, cd”) whenever (t,v)=d; 
whence a, = a, whenever (t, v) = d, as a” ” ” ” = a. This proves our claim. 
Consequently, 
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Statement 3. 
M(a) is a * 1 circulant , 
M(a)M(a)T = oIo, 
M(a) = M(a)T. 
Thus a is a symmetric Hadamard sequence of order v if and only if the 
corresponding circulant matrix M(a) is a symmetric Hadamard matrix of 
order v. 
The inverse Fourier transform a” of a is defined by 
where P(a, w’) = a,, + al& + a2W2’ + . . . + aO_luc”pl)t and w = ezWi”. In 
particular, 
[LLl>..., 6 l]“= ‘[v,o,o )...) 01, 
[~A%.., o]v=+,v )...) VI.
Some of the standard properties of this inverse Fourier transform, as in [3, 
p. 2701, are: 
(1) (aob)v = kav *b”, 
(2) (a*b)” =&a” ob”, 
(3) a” ” = a-, 
(4) a ““““_ -a. 
The next lemma is in the same spirit as [3, Lemma 3.4, p. 2701. 
LEMMA 2. Let a=[a,,a,,a, ,..., aup, 1. Then a is a symmetric Hada- 
mard sequence if and only if a” is. 
Proof. If a is a symmetric Hadamard sequence, then it follows from 
Equations (1) and (2) that so is a”. Conversely, if a” is a symmetric 
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Hadamard sequence, then by using the previous argument three times it 
follows that a” ” ” ” is a symmetric Hadamard sequence as well. However, 
a ” ” ” ” = a by Equation (4). n 
Now we are ready to give a proof of the main theorem. The proof goes 
almost like that of [3, Proposition 3.7, p. 2721. 
THEOREM 3. Let a = [a,,a,,a, ,..., a,_,], o > 1, and let M(a) be the 
corresponding circ&nt matrix. lf M(a) is a symmetric Hadamurd matrix, 
then v = 4. 
Proof. We first claim that 
al=ad whenever (t,u) = d, 
where (t, v ) is the greatest common divisor of t and v. By the remark 
following Definition 1, a is a symmetric Hadamard sequence of order v, so, 
by Lemma 2, a” is also a symmetric Hadamard sequence of order v. Hence 
P(a, 1)’ = P(a, 6~)’ = P(a, 6~~)~ = . . . = P(a, o”- 1)2 = v, by taking the defini- 
tion of a” into account; and hence v = b2 where b = P(a, 1) is a (rational) 
integer. As a result, P(a, w’) = * b is an integer for t = 0,1,2,. . . , v - 1. 
Therefore, if for each d I v we define 
gd(X) = a, + a,X + a2X2 + . . . + CZ_~X”-~ - P(a, ad), 
then gd( X) is a polynomial with integer coefficients. Moreover, if at(x) 
denotes the tth cyclotomic polynomial, then Q,,,,(X) I gd(X), as g,(w”) = 0 
and iPo,JX) is the minimal polynomial of ad over the field of rational 
numbers. But @a,,d(X) I gd(X) means gd(&+) = 0 whenever (t, v) = d, i.e., 
P(a, 0’) = P(a, cod) whenever (t,v)=d; 
whence a, = ad whenever (t, v) = d, as a” ” ” ” = a. This proves our claim. 
Consequently, 
o-l 
fb=P(a,o)= c ajwj= 
j=O 
where a o = a o. However, 
c 69 
(t,u)=d 
1<tgo 
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is precisely the sum of the primitive (v/d)th roots of unity, which is known 
to have the value p(u/d), where p is the Mobius function, by the Mobius 
inversion formula. Therefore, 
t_b= c ad&/d). 
dlV 
l<d<o 
Taking absolute values, we have 
Let Ibl =palpzpZ... pfp, be the prime factorization of I b I. Since u = b2, 
the distinct primes which divide u are p,, . . . , p,. By definition of the Mobius 
function 
= 2’. 
Now Ib( = pfl -. . pfi < 2’ implies r = 1, p, = 2, /I1 = 1, and thus 0 = 4. H 
ADDENDUM 
R. A. Brualdi has informed us that E. C. Johnsen also proved [2] that - 1 
is never a multiplier of a nontrivial cyclic difference set. 
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